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ABSTRACT: We compute the 2-loop thermal partition function of Yang-Mills theory on
a small 3-sphere, in the large N limit with weak 't Hooft coupling A = 912/ uN. We in-
clude Ny scalars and Ny chiral fermions in the adjoint representation of the gauge group
(S)U(N), with arbitrary Yukawa and quartic scalar couplings, assuming only commutator
interactions. From this computation one can extract information on the perturbative cor-
rections to the spectrum of the theory, and the correction to its Hagedorn temperature.
Furthermore, the computation of the 2-loop partition function is a necessary step towards
determining the order of the deconfinement phase transition at weak coupling, for which a
3-loop computation is needed.
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1 Introduction

1.1 Overview and outline

The interest in the thermodynamics of large N Yang-Mills (YM) theories on a small 3-
sphere S3, originates in [1]. In that paper, the AdS/CFT correspondence [2-4] was used
to study the thermal behavior of N' = 4 supersymmetric Yang-Mills theory (SYM) on S3,
with gauge group (S)U(N). As the correspondence dictates, in the large N limit with
strong 't Hooft coupling A = g%MN , this behavior can be found by studying classical
type IIB supergravity. This study showed that the theory has a low temperature confining
phase, in which the free energy scales as N°, and a high temperature deconfining phase, in
which the free energy scales as N2. The two phases were found to be separated by a first
order phase transition.

It is then interesting to ask whether this behavior persists even at small 't Hooft
coupling. In that limit the conformal A" = 4 theory can be studied by using perturbation
theory. However the study needs not be restricted to weakly coupled conformal theories,
and can be extended to asymptotically free YM theories. As opposed to conformal field
theories, asymptotically free gauge theories generate an infrared scale Ay s which leads to
the breakdown of perturbation theory in flat space at low temperatures/energy scales. But
on S with radius Rgs that bad infrared behavior is cut off by the finite size of space, i.e.
if RgaAy s < 1 one can use perturbation theory to compute the partition function at all
temperatures.

This has been done in [5, 6], where it was shown that for a wide class of models the
first order deconfinement transition persists even in the limit of zero ’t Hooft coupling.
The phase transition is signaled by a Hagedorn behavior [7] near the critical temperature,
where the density of states grows exponentially with energy. This remarkable behavior can
be ascribed to a zero mode of the gauge field (i.e. a mode with vanishing quadratic action)
which cannot be integrated out in perturbation theory. Gauge invariance highly constrains
the low energy effective action of this mode, resulting in non-trivial self interactions for it
even at zero coupling.

It was shown in [6] that for theories with adjoint matter, to order A the phase transition
is of first order and the critical temperature is identical with the Hagedorn temperature.



However, in the next order in perturbation theory, the transition might be of first order
and slightly below the Hagedorn temperature, or second order and at the Hagedorn tem-
perature. In order to determine the order of the phase transition one needs to perform a
3-loop computation in perturbation theory.

Motivated by [5, 6], different authors have studied the thermodynamics of gauge theo-
ries on compact spaces from various perspectives (see [8]-[30] for a partial list). In particular
the order of the phase transition at small 't Hooft coupling for pure YM theories on S? and
S? was determined to be first and second order respectively ([11, 22]). For YM theories
with adjoint matter fields (including N' = 4 SYM) the order of the phase transition at
weak coupling is still an open question and examples which exhibit either behavior can be
easily constructed.

In this work we take a step further towards answering this question, by computing in
perturbation theory the 2-loop partition function of (S)U(N) YM theory in the large N
limit with fixed, small 't Hooft coupling on S2. We include scalars and chiral fermions in
the adjoint representation of the gauge group with arbitrary Yukawa and quartic scalar
couplings, only assuming commutator interactions (though our computation can be easily
generalized to include non-commutator interactions as well). Our computation follows
closely the one of [18] where the same computation was done for pure Y.

As an immediate application we can compute the order A corrections to the Hagedorn
temperature and to the spectrum of the theory. We check our computation by comparing
to the known results for NV =4 SYM, which were computed by spin-chain methods in [9].

The structure of this paper is as follows. In the next subsection we review some of the
theoretical background necessary for this work. Section 2 reviews our conventions for the
action, and various mode expansions on S3. In section 3 we discuss our renormalization
scheme, and present the computation of the various counterterms. In section 4 we present
the computation of the 2-loop diagrams which contribute to the partition function. Finally,
we present our conclusions in section 5. Additional information regarding the computation
is collected in the appendices.

1.2 Theoretical background

In this subsection we summarize briefly some results related to gauge theories on a small
S3 that will be used in this work. A more thorough account of these matters can be found
in [5, 6]. As stated in the introduction we are interested in calculating pertubatively the
partition function of large N (S)U(N) YM theory on S? with additional matter fields in
the adjoint representation. This can be done by solving the Euclidean path integral on
53 x S! with the inverse temperature 3 as the period of S', in the weak coupling regime.!
In order to use perturbation theory we must fix the gauge. It is convenient to use the

Coulomb gauge,

d'A; =0, (1.1)

1For asymptotically free theories this regime is RgsAyar < 1. Conformal field theories have a dimen-
sionless coupling so we just set A < 1.



where i runs over the directions of S® and the derivative is assumed to be covariant. This
gauge condition fixes spatial gauge transformations but leaves temporal transformations
unfixed. In order to fix those we impose the following additional condition,

1
Orov = 0, (VS3 /SB A0> =0, (1.2)

where we have defined the zero mode of the gauge field a. The additional condition implies
that o is constant on S$3 x S'. The mode a plays a special role in our computation since
it is the only zero mode of the theory.?

As shown in [6] the Fadeev-Popov determinant conjugate to (1.2) can be absorbed in
the integration measure of a, changing it to integration over U = e**®. Furthermore, it
was also shown that the effective action arising from integrating out the massive modes is
only a function of U and 3,

2(9) = [lae s = [iav)  [laafagasie seedoren)

where by Ay we mean the part of the zeroth component of the gauge field without its zero
mode «, Sg is the gauge fixed Euclidean action on the sphere, and all the other massive
fields are collectively denoted as ¢°.

The new integration variable U is related to the Wilson line over the time cycle, also
known as the Polyakov loop P = %trPexp( foﬁ Apdt) [31]. The Polyakov loop measures the
free energy Fy,(T') of YM theory in the presence of an external quark through the relation
(P) = exp(—Fy(T)), and is a standard order parameter for deconfinement. More precisely,
%tr(U ) is the Wilson line of the zero mode of the gauge field around S*.

The form of the effective action (1.3) is highly restricted by gauge invariance. To 2

loops order, writing Ses¢(U, 3) = Self_;o"p + S2 lOOP , it turns out that

o0

siter — - §° %zn(:v)tr(U")tr(UT”), (1.4)

n=1

SEr = [ i (tr UMt (U) — 1)

+ Z fam (@) (r(U™)tr(U™)tr(U"") + c.c. —2N) |, (1.5)

n,m=1

where z = ¢ #/Bs3 and the function zn(x) is defined in terms of the “l-particle partition
sums” for Ny scalars, 1 vector and Ny chiral fermions on 53,

Zn(x) = 2p(z") + (=1)"zp(2™), zp(x) = Nezs(z) + 2v(2), 2p(z) = Nyzp(x)

T+ 22 622 — 223 Ax3/?
zs(x) = (1——Fa:)3’ zy(x) = R zp(x) = =5 (1.6)

2We assume here that all scalar fields are conformally coupled so their zero mode is lifted.



The two and three trace terms in (1.5) arise from planar diagrams with 3 index loops,
while the U independent terms come from non-planar diagrams with a single index loop.?
In the low temperature phase, the three trace terms in the matrix integral (1.3) contribute
only through perturbations around the gaussian model, and can be neglected to the order
in the coupling that we are interested in.

The matrix model (1.4)—(1.5) can be solved in the large N limit by using the saddle
point approximation. Below the critical temperature the minimizing eigenvalue distribution
of U is uniform. The matrix integral (1.3) can be evaluated at this saddle point to give,*

Z _NSEPP T (@) 1.7
— 2
v =< g 1 — 2z () + M fn(x)’ o

where f; P is the non-planar piece given by,
- o0
FP(x) = =2 ) fam(®). (1.8)
n,m=1

For the SU(N) partition function we divide by the U(1) part (assuming only commu-
tator interactions so the U(1) part is decoupled from the SU(N) part of the theory),

ZU(N) \gEmP © =z (x)/ntABfn(x)
Zve =Zow =< i mmane o)

The goal of our computation is therefore to compute f,(x) and fpm(x).

The Hagedorn temperature is defined as the temperature for which the large N par-
tition function diverges. This happens when one of the denominators in (1.7) or (1.9)
vanishes. Since the l-particle partition sums are monotonic functions with z(0) = 0 and
z(1) = oo this always occurs first for the n = 1 denominator in the multiplication of (1.7)
or (1.9), so the Hagedorn temperature is given by z;(xy) =1 . The order A correction to
the Hagedorn temperature is therefore,

fi(zm)
z(zn)’

where x g is the Hagedorn temperature of the free theory.

(51IH = ﬂH)\

(1.10)

Other quantities that can be extracted from the partition function are the sums of the
order \ corrections to the spectrum of YM on S3 x R. These can be obtained by expanding

3The form of the non-planar terms is as in (1.5) since we assume having only commutator interactions,
so the corresponding U (1) theory is free. Therefore when setting tr(U") = 1 and N = 1 the 2-loop effective
action should vanish. This together with the usual N counting determines the non-planar terms.

4The planar gaussian action vanishes at this saddle point and only contributes to the partition function
through the integral over the fluctuations around it. That contribution is independent of N (up to some
irrelevant overall normalization of the partition function). This is why we have to include also the non-planar
terms in the partition function around this saddle point, even though in the action they are suppressed by
a factor of N? compared to the planar terms.



the partition function in small x (small temperatures),’

ZSU(N) = Z L EitAE; ix% (d (g) + /\ln(w) ZéE”J) , (1.11)
n=4 I3

all states
where in the second equality the sum is over states with energy ﬁ with degeneracy
d (g), and 0E, ; is the order A correction to the state 7 with energy ﬁ.

By using the state-operator mapping of conformal field theories, the perturbative en-
ergy corrections of the theory on S? x R are equivalent to the set of 1-loop anomalous
dimensions of the theory on R*. All the theories that we are considering are classically
conformally invariant and remain so to leading order in A. Therefore we can use the
partition function on S to compute the sums of anomalous dimensions in flat space.

2 Setup of the calculation

In this section we present some notational conventions and the basic ingredients used
throughout the computation.

2.1 The action on S°

We write the Euclidean action of YM theory on S3 x S with the inverse temperature /3
as the period of S'. We include scalars ®, (a,b,...=1,..., Ns ) and SO(4) Weyl spinors
Ul (I,J,...=1,...,Ny), all in the adjoint representation of the gauge group U(N),

p 1 1
Sk :/ dt/ thr{4FWF’“’ + 50" (=D* +1) " + ¥ o' D, —
0 S3

1 1 1
= 79°QUIRD PPy + S g(p™) e[, W] + S gpf T e[00, 0T J]}, (2.1)
F =0,A,—0,A, —iglA,, A, Dy =0, —iglAy, *. (2.2)

The appropriate veilbein and connection terms for the vector and fermion covariant
derivatives should be understood. We also take the scalar fields to be conformally coupled
by adding %(bg to their kinetic terms.®

Without loss of generallity we take the quartic scalar coupling Q®“® to be cyclic in
its indices, and the Yukawa coupling p%; to be antisymmetric in I,.J. This is the most
general action that is classically conformally invariant, up to the assumption of having only
commutator interactions. The reader is referred to appendix A for further conventions
regarding spinors and the restriction of the above action to the N' =4 SYM case.

Next we impose the gauge fixing conditions (1.1) and (1.2). The Fadeev-Popov deter-
minant conjugate to (1.1) leads to the addition of the ghost action,

B .
Srp = —/ dt/dgxtr(cTﬁich). (2.3)
0

SFor the U(N) theory there are also a states with energy 1/Rgs and 3/2Rgs corresponding to the scalar
operator tr(¢) and fermionic operator tr(¢), respectively.

5The scalar kinetic term is conformal in 4 dimensions if we add %Rdﬁ to the action. We work in units
for which Rgs = 1 so the Ricci scalar turns out to be R = 6.



The resulting gauge fixed action can be found in appendix B.1. Next we expand all the
fields in Kaluza-Klein modes on the sphere,’

Za ), (tQ):Z (1S, ZAC“ HYQ
Z% (DY), Palt, Q) =) ¢5(H)S* (), (2.4)

where S¥(Q), V*(Q) and Y*(2) are scalar, vector and Weyl spinor spherical harmonics.
The Greek letter indices collect within them all the relevant angular momenta quantum
numbers associated with those functions and summation over all of them is implied. To
write the interaction terms we also need to compute various integrals involving three such

spherical functions,®
BPY = / SeSPST, coPr = [ SWP.vSY, D= [ Y. Yisy,
S3 S3 S3
EPY = | Y (VP x V), PO = / yeiyist, g = / Yot YoV,
S3 S3 S3
HOP = [ yeeyPsy, JBr = [ yateyfisy g — [ §e8PSIS°. (2.5)
S3 S3 S3

Properties of S3 spherical harmonics, and the solutions of the above integrals can be
found in appendix C.

The action in terms of the above expansions and integrals is written in (B.4)—(B.6).
Since the fields a® and ¢ appear in the action only quadratically, it is convenient to
integrate them out first. This was done in the appendix B.2 and the resulting action after

integrating out is,
S, = /06 dttr {;A“(—Df + (ja + 1)%) A + %¢§“(—D? + (Ja + 1)?)5+
HiT D1+ ealia + )07} (2:6)
S, =ig /0 ’ dttr{ea(ja F 1) ETAYAPAT — 0P AP 627 — iGOPTT[AY ] —
— S FE (o) [, 05+ S Fgte | z,w“ﬁ]} : (27)

1 B - 1 -
Si=— 59" / ditr {DC“WBWs (A%, 9F)[A7, 03] + 5 BB QUN60 ) 6165~
0

Da’g)‘DWS}‘ Baﬁ/\B'yéj\
— T __[A% D;AP|[AY, D A°] — ————[¢%, Dyd2)[¢), D)+
I +2) AT DATIAT, D] g +2) 90 Dedulloy, Didil
Fozﬁ)\F'yé)\
wie! " 2.8
RO A S U R }} (2.8)

"Note that in principle we could have expended the vector field also in oS (92), but the Coulomb gauge

excludes such terms.
8The integrals H*?7, J*#7 and K*?7® needed for the Yukawa and 4-scalar interactions are redundant

and can be expressed by other integrals: HY7 = F&#Y jobY — _ 387 and KA = BB B,



where D; = 0; — i[a, x]. The other effective vertices which arise from integrating out a®
and ¢ do not contribute to our computation as explained in appendix B.2.

2.2 Propagators
The propagators of the theory can be computed from (2.6),°

(AS()AY () = ALk (¢ — 1)5°P, (2.9)
(G2 ()i (0] (D)) = AR (¢ — 1)5°P 5y, 2.10)
(W))W = Ok (' — 1)5°P 5y, (2.11)

(DyAg(E) A (1)) = —(AG () DA (1) = DAGH (' = 1)5°8,
(DyAS () DAY (1)) = 6(t' — 1)50%P 83015 — (o + 1)2 A0 (' — £)5°7,
(D3 (1)1 (1)) = —(632 (1) Dugy (1)) = DA™ (¢ — )5°75°, (2.12)
(Dyg22 (1) Didhyy (1)) = 6(t' — )% 6015670 —

— (o + 12ALH (¢ — 1)50B 590,

The bosonic propagator A(t) is a periodic function with period 8. For 0 <t < g it is
defined as,

kg iat —(ia+ D)t (a+1D)t ilkj
A)‘ (t) - (2(36'/\4‘1) (1—6?6&6_ﬁ(j)\+1) _1—;[’5‘5'3(3')\"'1))) ) (213)
where a=a® 1 — 1 ® a and a term in the expansion in powers of e/¥® = ¢ @ ¢~ ig
understood to carry indices by putting them directly on the tensor product ((A® B)ik; =
Ay Byj).
The fermionic propagator ©(t) is anti-periodic with (anti)period 3. We can define it
over t € (=, 5] (and continue periodically) ,
e eaUa+ )t
. t e (0,
05(1) = ¢t x | e (€07 (2.14)
mAGAT Dt .
je”AUATS te (—,8,0]

1+e—iﬁ&eﬁe)\(]')\+%)

where indices should be put on it by the same prescription as in the bosonic case.

Note that the fermionic propagator, and the derivative of the bosonic propagator, are
ambiguous at t = 0. We found that this ambiguity only leads to an overall normalization
of the partition function, which we fix by hand anyway.°

2.3 Counterterms action

As usual in perturbation theory, our 2-loop computation contains divergences. We use the
regularization scheme of [11], which involves cutoff regulators which break gauge invari-
ance. This scheme involves multiplying each vector, scalar and fermion line which carries

We use i, 4, k, . . ., as fundamental representation indices.
Y8ay to Z(T =0) = 1.



momentum p, with smooth regulating functions R, r (%) A1 In the argument of the reg-

ulators, M denotes the cutoff regularization scale. We demand that all the regulators have
Heaviside-like properties: R(0) = 1, R'(0) = 0, R(k — o0) = 0, but other than that they
are arbitrary.

These regulators preserve rotational symmetry on S2, but break Lorentz and gauge
invariance. It was shown by 't Hooft [32], that gauge invariance can be restored by adding
the appropriate set of renormalizable local counterterms which may break Lorentz and
gauge symmetries, while preserving rotational symmetry. To first order in A = ¢°>N,
adding the following counterterms is necessary, >

B
Set = A /O dt /S ) trSU(N){AZ-(Zog — Z140% — ZoyD?) Ai+
+QUZE — Z120° — Z5 D)2+

+i0t(Z{]o'0; + Z{;’Dt)qu} = (2.15)

B _
— / dttrSU N L A% (Zog + Zag (o + 1) — Z2DF) A+
0
+ 02280 + ZPja o + 2) — Z5° D)+
. . 1
+ i (2 ealia + ) + Z5 DOYS .

The notation in (2.15) suggests that we take the trace only over the SU(N) part of
the fields, (e.g. AfU(N) = A; — +tr(4;)). Since we assume only commutator interactions,
the U(1) part of the theory is free and only the SU (V) part of the fields contributes to the
counterterms.

For the gauge boson and fermions, imposing gauge invariance is sufficient in order for
the theory to remain conformally invariant at order A\. However, for the scalar fields this is
not so since their mass terms are gauge invariant and contribute to the partition function at
order A. As noted in the introduction we want our theories to remain conformally invariant
to leading order in A. Therefore, we need some renormalization condition that keeps the
scalars “massless” on S3. In practice, we set the counterterms Zgg by requiring that the
state-operator mapping works (which is why we wanted our theories to be conformally
invariant in the first place). It turns out that the knowledge of the sum of the anomalous
dimensions of dimension 2 operators in flat space, is sufficient to determine Zgg completely.

3 Regularization and counterterms

In this section we present the computation of the various counterterms in (2.15). The coun-
terterms Z; and Zs of all fields can be computed in flat space, since from dimensional anal-
ysis they cannot depend on Rgs. The Zy counterterms on the other hand, can depend on

i+l
M

i1
) for vectors and scalars, or Ry (J+2) for

""On S* we used the prescription which attaches Ry, ( 7

fermions with total angular momentum j.
2Note that we did not write a Zo term to the fermions even though it is allowed. It turned out that this
term does not contribute in our computation.



the global properties of S3. For instance the scalar terms may include a dependence on the
Ricci scalar, Zgb(bagbb D Z{Rpapp, and vector terms may also depend on the Ricci tensor.

Following [18] we determine the counterterms by computing 1-loop diagrams in the
cutoff scheme and demanding that the result match dimensional regularization with some
convenient subtraction scheme. This guarantees once and for all that the results of the
2-loop calculation are gauge invariant.

3.1 Flat space counterterms

For the dimensionally regularized theory we work in 3 4+ d spatial dimensions, and extend
the coulomb gauge condition to include the d extra components of the gauge field. The
flat Euclidean action is then,

Sy = /dd+4xtr{;/li/li + %@AZ@AZ + %81‘14081‘140 + aiCTaiC—i-
1 .
+ S 0ubuOuba + 10 Dy}, (3.1)
S5 =g / dd+4xtr{iA,-[Ai,Ao] —i0; Ao[A;, Ag) — i0; A [As, Aj]—

—i0;ct[Ai, ] + 9T 0 [ Ag, 1] + T o' (A, 1] — iAo, Pa)—

) 1 a 1 a
— 10;9alAis ¢a] + 5¢I€(P N (e, 5] + §¢TI€P1J[¢a;¢TJ]}a (3.2)
1 1
Sy = —292/dd+4$tr{[Ao,Ai]2 + §[Ai»Aj]2 + [Ag, o)+
1 aoc
+ [, 9al? + 5QGudrdcta . (3.3)
We define the spinor matrices to satisfy o#c” + o¥a* = 26" 1, with
p,v =0,...,d+3. We also use the conventions tr(1) = 2, and ¢° = ° = 1, which are
consistent with the d — 0 limit. The propagators of the fields are,
(Ai(v, k) Aj(—v, —k)) = Ay(v, k) = m7 (3.4)
1
(AO(V7 k)AO(_Va _k)> == ﬁ7 (35)
1
<C(V7 k)CT(V7 k)> - ﬁ? (36)
(6% (0 K)6* (v, ) = o (37)
) ) 1/2 + k2 )
J v + kza'l
W1 (v, k) (v, k) = TR (3.8)

In order to compute Zi, Zs, we’ll compute the 1PI self-energies of the various fields.
The self energy diagrams that contribute are depicted in figure 1. No quartic vertex
contributes to these counterterms since such diagrams don’t depend on external momenta.
Also for the gluon self energy the Ag loop cancels with the ghost loop, so we don’t have to
compute diagrams SEle and SE1f.

Diagrams SEla and SElb were evaluated in [18]. The expressions for the other
diagrams are (omitting A and group indices throughout.),
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Figure 1. Self energy diagrams contributing to Z1 and Z2. Dashed (dotted) lines stand for the
scalar (Ag) field, wiggly line for gluon and solid for the fermion. The dashed arrowed line stands
for the ghost.

Vector self-energy: — % (Ai(w,p)Aj(—w, —p))tPL.

3+d ind  OLiLj
SElc_N/dyd k kipl — 2kik (3.9)

2m)4td (L2 + k2 ((w —v)2 + (p— k)2)
dvd®+ ik [v(w — v) + k- (p — k)]0 + 2k (k — p)d

SEl1ld = 2Nf/ (27T)4+d (1/2 + kf?)((w — 1/)2 + (p — k‘)Q) (3.10)
Scalar self-energy: —%<¢a(w P)op(—w, —p)) 1L,
dvd®tik (2p — k) - A - (2p— k
SE2a = —5ab/ ) ((i - ,/))2 - (](3 i? k)Q) , (3.11)

dvd3tak 2w — )2
B2 =5 [ e s (T (312

~10 -



dvd®tik viw—v)+k-(p—k)
(2m)4+d (12 + B2)((w = v)* + (p = £)?)

SE2c = tr(p™p’ + pr,o“)/ (3.13)

Fermion self-energy: (¢;(w,p)y!’ (w,p))FL.

dvd®tk 2[(p — k) - Aot — AV w — v —k);o!
SE3a:25‘I]/(27T)4+d p=k) (L_V)2+[(p_k)‘;(p '] (3.14)

dvd®tik  w—v— (p—k)ot
SE3b = 25[/ e V);er (p)_k)2> ’ (3.15)
dvd3ta w—v — k)0’
SE3c = 2(PGPGT) / (2m) 4+ (y2+k2)((w+—(1]j)2 +)(p—k:)2) (3.16)

For the Zi, Z, counterterms we need to extract the coefficients of p?, w? in the vector
and scalar fields self-energies, while for the fermions those would be the coefficients of
w,p;o’. In order to obtain the cutoff scheme integrals we can just set d — 0 and multiply
the propagators by the relevant regulator functions. We will start with the dimensional
regularization expressions.

3.1.1 Dimensional regularization in flat space
The coefficients of external momenta can all be expressed by the following integral,
dvd3+dE  2mp2n—2m—2
I;mn(a) :/ 2m) 5 (k2 + a2) (12 + k2)n

“ g () g g 4]) e

Here, p is the regularization scale and ¢ = —d. The subtraction scheme we use is to
set the square brackets term in I(a) to zero. The relevant coefficients of p,w in terms of
I,,n’s, for vector, scalar and fermion self energy diagrams, can be found in appendix D.1.1.

Note that I, ,(0) contains IR divergences, which of course do not exist on S3. To
deal with this we can write 1(0) = I(a) + [I(0) — I(a)]. Since the term in square brackets
contains no UV divergences it must match between the two schemes. So we are allowed to
use only the IR regulated term I(a) in order to compare between the two regularization
schemes. The full expressions for the IR regulated terms after applying the subtraction are,

1 WPI 25 )| 1 1
2<Az(07p)A (0 p)> =p 52] 87‘(’2 A87 A2

n 29 1
24072 72072

(4N; + N, )] In (g) +
(N ‘|‘28Nf)} (3.18)

1 1PI 2 1 1 Iz
—§<Ai(wa0)Aj(—wa0)>w25 w0y _@4'48 5 (Ns +4Ny) | In (a) +

1

. 4 —— _(N,—2N 3.19
+48772+144772( s f)}’ (3.19)
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Figure 2. Counterterm contribution to 1-loop self energy diagrams.

—%(cﬁ“(oap)eﬁb( —p)),3 " p2{[—471T25“b+161 ( “pb + pPp “)}ln(5)+

+%5 ab 481 Str (p“*p + “)} (3.20)
50w = [ g e () [ (), 2)
(1(0,p)9™ (0, )10t =pic { [—4;51‘] - 8% (p“p“T)IJ] In (%) -
+24571'2 o+ 2417r? (papaT>zJ} ’ (3:22)
(000w O = {| =587 = ok () | (4) + 400 |
(3.23)

3.1.2 Cutoff regularization in flat space

We take d — 0 in the dimensional regularization expressions (3.9)-(3.16), and multiply
each diagram by the appropriate regulator functions as described in section 2.3. We now
repeat the p and w expansions, including the regulator function expansion when necessary,

R(I]?—kI):R(If)R’(]{‘})(pk)+

M M Mk
R'(5)(p-k)? R (3)(-k)? R (5)p
QMM%Q - ]ng?’ + 2]\% T (3.24)

After picking up only the relevant coefficients of the external momenta, the integration
over v is always easy to perform. We then write our results in terms of regulator dependent
integrals defined in (D.21)—(D.23).

We also include the counterterm diagrams arising from (2.15), which contribute to the
self energies, in the total result (figure 2).

1 iy N, Ns — N, +4N, — M
a0, ) a0, - = Pt |7y, 4 et I 20 Mo AN 20 4
2 g

24072 4872 a
+ 40171'2 In (222) - 42] 5 In (Agz0) + 1]2\[; sIn(Ao2) = (3.25)
_%fé 7_7:2 _ 4Nf]:f}
;<A (w,0)4;(—w, 0)).25,, = w?6” {Zzg + %ln (Aj) + 241?1n <j‘21*22> i
g 1 (Aoo) + (A002>} : (3.26)
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Ll by _WIPT _ b | L MY 1 Aoio
5(6°(0,)8"(0, ~p))3! {zlq 5 {421 <) 12W21H(A110 ;
AgoaM 1 A
at b bT a 002 /2
+tr (p*Tp" + p [16 5 ( > i H (3.27)
o b wPI_ 2 a1 cap AoroM
2<¢ (w,0)¢0”(—w,0)) 2" =w [ng —4772(5 ln(

. oo (Ao M
str (p2fp? + p*Tp%) In (Ofﬂ : (3.28)

+ 167

M 1 A101 1 1
tJ LPL _ 1] 1 In _ g _
(10, p)y (O’p)>p oi = Pi0 { 1f +6I [ 2 ( )—i_127r2 (Aéo1> 37781+67r2}

e [ (42) L)

(0 0T @ 0L = |28 = o’ tn (O8] L ooy ()] (330

a a

3.1.3 Flat space counterterms summary

We solve for the Z’s by equating the expressions in (3.18)—(3.23) with the ones in (3.25)—
(3.30). This determines the flat space counterterms,

6— Ny —dAN; (MY  105—4N, — 52N | Ny s
T, = —] )
19 4872 ( 1 > 72072 f 30 57 +2 BERE
1 Al N, N
1072 " <A200) 4872 (Aox0) 1272 (Aooz) (3.31)
6 — Ns — 4Ny M 3+ Ng— 2Ny 1 Ao
Tgg=——" "] - 1 -
2 a8z ( 7 ) T e 242 " <A‘1100
N, Ny
T 182 In (Ao20) — = (Aoo2) » (3.32)

1 1 M 1 1
gab _ | gab_ t ( at b bt a) 1 = gab t ( at b bt a)_
Ls [47# W2 \P e ) I\ ) e g\ e
1 1
ir (panb bt a) In (Agoz) — o — I (j(no) L. <pafpb+prpa) .
110
(3.33)

1
1672

[ 1 1 M 1
735 = HW ~ gt (071 f’“pa)} 8 (u) gz In (Aoro) -

-3 ( at yb 4 bt ) In (Agoz) , (3.34)
% = ﬁgﬂ * %(papﬂ) } " <J\Z> " 242251] * 2417r? ()7 %@JB%

gl B~y (1) + jr ()7 I (Ao), (3.59
~Z5f = [41251 + ;?(p“p‘”) J} In <M> o7 + 50, In (Aio1)

+ %(PGP“T)I‘] In (Ao11) - (3.36)
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3.2 Curved space counterterms

In this section we’ll compute the Zy counterterms in (2.15). As described in the beginning
of this section the Zy counterterms may depend on the global properties of S2, so it
is necessary to perform a computation on S3 to determine them. For the gauge field
counterterm Zp, we apply our gauge invariant renormalization scheme, i.e., we compute a
set of correlation functions on S® using both dimensional regularization and cutoff scheme,
and then match the results. We do that by computing the 1-loop 1PI self-energies of the
lowest total angular momentum mode of the gauge field.

For the scalar field, using this scheme to determine the counterterm Z§% leads to the
breaking of conformal invariance at order A\. We will determine ng by demanding that
our final result is conformally invariant in section 4.3. In this section we will only compute
the structure of divergences subtracted by ng, by computing the 1-loop self-energies of
the lowest total angular momentum mode of the scalar fields in the cutoff scheme.

Throughout this subsection we work in units where y = Rgs = 1, so the reader should
not be alarmed when seeing functions which depend on dimensionful quantities. These
always consistently vanish between the diagrams. As before we start with dimensional
regularization before moving on to the cutoff regularization method.

3.2.1 Dimensional regularization on 53

To apply dimensional regularization on curved space we let our theory live on S x R4+
with d = —e. We extend the Coulomb gauge condition to involve all components of the
gauge field other than Ag,™

0;A; + 0,4, = 0. (337)

Now A; has a different mode expansion than before since its divergence doesn’t vanish
anymore. The expansions of A; and A, are,

A= ) AZS°, (3.38)
,ja>0
1
Ay = AV 4 ,,8GA38ZSO‘> : 3.39
a,j%;O ( Ja(jo +2) ( )

The quadratic part of the action for the gauge field and scalars are then

1 - 1 -
S+ S5 = /dtdd:ctr <2Aa(—af — 02 4 (o + 1)) A* + §a“(—82 + Ja(ja +2))a®+
80,81)

m)A?—i— (3.40)

1 .
+ A0 = 0 + Jalda +2)) (6" —

1 .
#3080~ 02 + (o + 1) ).

13T this section A, will denote the R? components of the gauge field, Ao and A; mean the same as
before. The scalars internal indices will be denoted by @, b...
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The additional interaction vertices are spelled out in appendix D.2.1.

For the spinor part a convenient basis for the Dirac matrices of SO(d + 4) is,*
=7l T*"=1aTY (3.41)

where {I', T} = 0 and {I'%,I"*} = 26%1.'> The I'* and T' can be taken to be in the Dirac
representation of SO(d + 2).

The only terms we will need in the Dirac Lagrangian on R4*! are then (vielbein and
spin connection should be understood.),

Lo = /S b (iR (190, + T0,) A+ gAT [4;, ]} =
:l;uﬁﬂ(#®r%&+n®r%wmA+gﬂﬂ®r%phﬂ}:
— tr {5 (I00, + €alo + D) ¥° — igGooT [47,47] }, (3.42)
where in the last line we expanded A in S? spinor spherical harmonics ,
A =Y0) @ Yp(y). (3.43)

From the quadratic parts we extract the propagators,

« J6] — aBAoz 50(5
(a*(v,k)a” (v, —k)) =6 (k) = 21 ulat2) (3.44)
A%(v, k) AP = 52PN 57
< (Vv k) <_V _k)> 0 (Vv k) = V24 k2 4+ (ja T 1)7 (345)
(AS (v, k) A (—v, —k)) = 6P A%, (v, k) =
5B ko ks
= Sab — i , 3.46
u2+k2+ja(ja+2)( b k2+]a(]a+2)) (3.46)
_ 5&,@5__
9‘ ? — — g O‘ﬁ - « j— CLb
<¢a (V7 k)¢b( v, k)> =9 5abA (Va k) 2 I 2 + (ja + 1)7 (347)
(5 (kYT (v, K)) = 60, O k) = 001 (3.48)
1\ A A A N DY ‘

Now, besides the diagrams in figure 1 we have additional diagrams which are shown
in figure 3.

We compute the gauge field 1PT self-energy (A%(0)A%(0)), with external momenta in
the R4+! directions all set to zero.

YHere a = 0,...,d label R¥™! components. Hopefully there would be no confusion with the decompo-
sition of the gauge field in which a labeled d directions in R**!, since the other component (0) does not
participate in the coulomb gauge condition.

5We used tr(1) = 1 for the unit matrix in T'" space. This is consistent with the d — 0 limit, since the
action should then reduce to the 1d action we had after the mode expansions on S°.
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Figure 3. Additional self energy diagrams when using dimensional regularization on S3. Dashed
(dotted) lines stand for the scalar (a) field, wiggly (wavy) line for A (A) and solid for the fermion.

The expressions for diagrams which were not already evaluated in [18] are,

_ d
SElc = 4N,C7*CH9 / (;ijr‘)idflm(u, E)AS (v, k), (3.49)
d
SE1d = —2N; G790 GP / mtr (070 k& (.)) (3.50)
_ d
SE1lk = —2N,D*" 7% / é;;idfl A (v, k), (3.51)

To evaluate these diagrams we set the quantum numbers of the external lines to § = &
and the total angular momenta on the external lines to j, = jg = 1. We can then sum
over all quantum numbers (using appendix C.3) which do not involve the propagators.
This usually leaves us with simpler integrals due to the selection rules imposed by the 3-j
symbols. After solving the integrals the summation over the rest of the quantum numbers
will be regulated by d.

For example, in SE1c the selection rules constrains the summation to j, = js and j, >
1. The angular momentum sum over all quantum numbers but j, gives: Y CredCias —

2R2(jy, 1, 4y) = B2+ (r+2) e integral is easily performed and we get,

3-dy oo 3-d
) S by + 20, + 1 = 22 PG gy - - ) -
T (47) 2 i ™ (4m) 2
— _%([% + %ln(w) - % + 1)+ v+ %) +O(e).  (3.52)

Other diagrams can be evaluated in a similar way. The results diagram by diagram
are given in appendix D.2.1. After employing our subtraction scheme (see below (3.17)),



the total result for the 1-loop 1PI self-energy of the gauge field is,

6 — Ny — 4N 9+ Ny + 16N 10
Lyt — (). (3.53)
o

Gpr = -

3.2.2 Cutoff regularization on 53

For the gauge field we obtain the cutoff regularization expressions by taking the d — 0
limit in the dimensional regularization expressions, and multiplying with the appropriate
regulator functions. We also compute the 1PI self-energy diagrams (figures 1 and 3) of the
scalar fields, (qb%(())d)g(())) with 3 = @ and j, = jsz = 0.1° The expressions for those (using

the notation from the last section for the propagators, and suppressing the regulators) are,'”

SE2a = 86°C* P70 / @m(y, 0)A(1,0), (3.54)
SE2b = 25 B*1° g1 / dv v A7(0)A° (v, 0), (3.55)
SE2c = —tr (p“pr + pr N FV‘SO‘F‘SW/ —tr @5 (v,0)007(—v )) ) (3.56)
QD) /55 13 56 o
SE2d = % (Baﬁ BM 4 B w) /N(u, 0), (3.57)
2 2
SE2e = —25% 10 A9 ;l” AY(0), (3.58)
T
SE2f — 250 gesspris [ 4 5 A7 (,0). (3.59)

Note that SE2e has a §(0) divergence. This term exactly cancels with a similar term
in SE2b. We express the resulting angular momentum summations with the regulator
dependent integrals defined in (D.21)—(D.23), by using the Euler-Mclaurin formula.'® For
instance for SElc (3.52) we have,

»

SElc— (ZaRQ( ) iﬁl‘R ( )) =
= % [4%2(3%00 19 In(AipoM) — v + O(Ml)] : (3.60)

The rest of the expressions are given in appendix D.2.2. We denote the total result
for the self-energies by Goo and Sco for the vector and scalar respectively, including the

16Gimilar 1-loop computations were performed in [15], though only for the A’ = 4 SYM case and by
somewhat different methods.

17Qab(cd) = Qabcd + Qabdc.

¥For f(™(c0) = 0 the formula is 3°°°  f = [ f(z)dz+ 5 £(0) — 15 f/(0) + %f(S)(O) +---. We never
need more terms in the expansion since each derlvatlve lowers the degree of divergence by one.
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counterterm diagram contribution in the total answer (figure 2),

Goo = —12(Zyg +4Z14) + 4M? (203 — 6C3™ + N, (€9 — 3C5"°) + AN;C%%) +

+ 8Ny Ff +

./48
100 020 002
_|_71+N2%5Nf _ 10<(3)] 7 (3.61)

§ab 20M
SCO - _ 2Z83+M2 |:(Q(llb) 501))(:1010 45ab6100:| |:1n (Aloo >+,}/+2:| —

2m? Ao1o
(ab)ce tr(p® b + bt a 5 1
_ Q487T2 + (P p27T2 pp ) |:4772M26302 + ﬁ — 1 (ln(4A002M) + ’)/):| . (3.62)

3.2.3 Curved space counterterms summary

We extract the Zp, counterterm by comparing (3.61), with (3.53),

Ny 2
79 =M? c200 203" + 5108 — N cOlO] " in <“41°°> — 5 (27 + NuF5) +

307T2 ./4200
5 N 2002 1 2 f
+718 +45 2+Nf[ M=Cs 360712_5‘7:2 . (3.63)

The divergent piece of ZZ is determined by (3.62). The finite piece on the other hand
is arbitrary if we only demand gauge invariance and we parameterize it as,

M? §ab A2 M
ab _ (ab)ec _ osab) ~010 ab~100 100
Zy, 5 KQ 20 ) Cy " —46%°Cy } P In < o ) +

—i—tl"(pan +pr a) |:M2C802 _

1
—1 M
1672 Aoz )} "

1
+ p(cl(sab + Cgtr(panb +pr a) + Cy Q(ab)cc) (3.64)

The constants C', Cy and C'5 will be determined in section 4.3 by demanding conformal
invariance to order .

4 Perturbative calculation of the effective action

In this section we present the computation of the large N effective action Sesf(U) defined
n (1.3), to 2-loops in perturbation theory.

4.1 2-loop vacuum diagrams

The 2-loop diagrams which we have to evaluate are depicted in figure 4.
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Figure 4. The 2-loop diagrams obtained after integrating ¢ and a. Vertices with a little circle
correspond to terms we got after integrating the linear a vertex.

Diagrams Lj, Lz, and Lgp were already evaluated in [18]. The expressions for the
other diagrams that contribute in the planar limit are,

Ly = —28¢2N,C% % / AT () AT (1) AR (2), (4.1)
0

_ B g . .
— %@%\@G“BVG»@M /0 dt{@g(—t)@’ﬁk(t)Alf/(t)—i—

+eg(—t)@gj(tm;k(t)} : (4.2)

Lo = 5B0u(p o) P Ee [Car{eimalmelo + ermatine) o).
0

(4.3)
Loa = — 3 8°Q"" (B0 BT 1 o5 B9T) A (0)A ) (0), (44)
BBy gasy y ;
Lon = Bg°N G D) (DrAZ(0)D, AR (0) + (j + 1)?AF (0)A%(0)) (4.5)
Ly = Bg>N.D** BYTAT (0) A% (0), (4.6)
Folﬂ’yFﬁa 9, ik @] kj
= BNy35 gy (BHOBF(0) + 6108 0)) (4.7)

Each diagram has three index loops, and the short-hand indexing on the propagators
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Figure 5. Counterterm vacuum diagrams which contribute to the 2-loop computation.

indicates how a term in their expansion in powers of €%® ® e~ should be grouped into
traces. The notation A% means that the left side of the tensor product in the expansion
belongs to the index loop ¢ and the right side to the index loop j. Also, the propagators
above should be understood to be multiplied by the appropriate regulators.

We can sum analytically over all angular momentum quantum numbers, except the
total angular momentum, by using the identities derived in appendix C.3. We then have
to expand the propagators in powers of e’® ® e~ and extract the coefficients f,(z)
and fpm(z) defined in (1.5). The results are expressed as sums over the total angular
momentum numbers constrained by some selection rules from the integrals over 3 spherical
harmonics.

In all diagrams we find that we can write f,,(z) = fi4+(2") + (=1)""1f; _(2™). The
expressions for those are long and not very illuminating. They are summarized in ap-
pendix E.

4.2 Counterterm vacuum diagrams

The counterterm diagrams which contribute to our computation are depicted in figure 5.

For the gauge field and scalar we find that f¢(z) = fft(2") = f(2™). After summation

over angular momentum we obtain'?

o (2) = 2(Zogf(2) + (Z1g — Z2g)1(x)) (4.8)
f (@) = (K@) Z¢ + g1(2) Z7¢ — (g1(2) + k(@) Z57)
where,
k(x) = ﬁ, f(z) = k(z) + In(1 — 2), g1(z) = 6k(z)?. (4.10)
For the fermion we find f(z) = (—1)""!ff(2"). After summation over angular
momentum we obtain,
. (14
fit(x) = GM (z{} — 2Z3}) . (4.11)

9Tn deriving these expressions we have used the equation of motion of the propagator to determine the
coefficient of Zs, e.g. in the bosonic case (—D7 + (j + 1)?)A(t) = §(t). In principle we should have added
the §(0) term but this term cancels with the corresponding diagram which involves the U(1) part of the
fields.
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Plugging in the expressions for the counterterm coefficients we have computed (3.31)—
(3.36), (3.63)—(3.64) we obtain,

fl(x) = f(a;){M2 [402200 4C," + NCO20 2N56310+§Nf6802] -

7 1[5 2N, N
S [8]—"9+4}'2 +127f | + —In (“4100) + = [+ f]}+

15 1572 \ Ao/ w29 45 180
1 8 A 30—3N,—14N
- g s f 200 ¥
o) { 15 [sz TN +8Nf]:2} + 1572 = <A100> - 12072 }
(4.12)
) :k‘(fﬂ){MQ [Q““bbcgm — N, (G370 + 2C100) + 2tr(p p)COOQ] NS <j100> n
010
1
+ = [NSCH + 2tr(pp?)Cy 4+ 2Q™Cy )} }
1 oy Ao N, —tr(p'p)
o (x) {Btr(p P)f n <A010> + 2472 ) (4.13)
3
ety — _ gL 2) [Ny ( P) 1z Aoor\ | —2Ns+tr(p'p)
i (e)=~8 (1 —a)t {3 Bit 6m Bi + 1 Aio1 * 2472 - (414)

In principle we are done and all we have to do is to plug the expressions for f,, and f,.,
we found (E.1)—(E.13), (E.16)—(E.25) summed with the counterterm expressions, (4.12)—
(4.14) inside the partition function formula (1.9) and perform the angular momentum
summations numerically.

However our regularization involved several subtleties, and it is useful to check explic-
itly that all regulator dependence cancels between the counterterm vacuum diagrams and
the 2-loop vacuum diagrams.

In order to see this cancelation we first extract the regulator dependent part of the
2-loop diagrams by expanding asymptotically in large angular momentum as was done
n [18]. The expressions we found for the regulator dependent part of each 2-loop diagram
are listed in appendix E.3. One can readily check that indeed fCt fE+3f reg and
fCt + >, 19 are regulator independent. This is a useful intermediate self conswtency
Check on our computation.

4.3 Numerical evaluation and checks

As explained in the introduction there are two immediate applications to our calculation.
One involves computing the order A correction to the Hagedorn temperature (1.10) of the
theory. The second involves computing the order A corrections to the spectrum of the
theory on $3, (1.11).

Both have already been computed for the N'=4 SYM case in [9] by using spin-chain
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methods. Their result for the small temperature expansion is,?’

Al 241 192\ 1
Zoym(z) =1+ (214 2@ 2 (g, 2@ 5 (oge 192AIM(D)Y 5
272 2 s
10321 4440X1
+ <1344_|_ 03/\2n($)> 272 4 (4836+ O)\Il(iL‘)> Ay
T T

2

1771221 1508\ 1
+ <17472 O] ;2 n(x)> 292 4 <64608 4 11508\ In(x) n($)> 2Bt

2
411 24304771
132 (560 4 SHAR@YY Jnp2 | (gggrq o 2ABUTAIG@) 6
w2 272
(4.15)
while the correction to the Hagedorn temperature is,
AMn(xgr)

Using our computation method we can perform this expansion and compute the per-
turbative correction to the Hagedorn temperature numerically. As a self consistency check
we indeed found that the numerics do not depend on the choice of regulating function.

However before we compare our computation to (4.15) and (4.16), we must fix the
arbitrary constant piece in (4.13). Recall that the source of the constants C7, Cy and Cj
in f¢(x) is the mass renormalization of the scalar fields (3.64). Since a mass term for
the scalars is gauge invariant, these constants are arbitrary. In particular to order z? our

computation yields the following partition function,

Z(x) =1+ {NS(]\;&’ +1 Aigg) ((Ny+1) (1\@(4801 —33) + (96C5 + 11)tr(p"p?)+
+ (96C3 + 1)Qaabb) + 6Q““bb)]x2 e (4.17)

If our theory is conformally invariant to order A, then the coefficient of =™ In(z) in (4.17)
is the sum of the anomalous dimensions of operators with classical dimension n in the flat
space theory (see below (1.11)). In particular, the operators of dimension 2 are,

O = tr(p2¢?). (4.18)

We computed the anomalous dimension matrix of those operators in the flat space
theory corresponding to (2.1),%!

A at a aa
D 6= gz [N+ 1) = (Na + Dtx(pp?) - QU (4.19)
dim[é]:Q

20The N = 4 partition function in (4.15) is adopted to our conventions. Our coupling constant is defined
to be twice the one in [9].

21The assumption of having only commutator interactions is implicit in (4.19) since only the combination
Q% appears in it. Under this assumption the two possible combinations are related by Q®**® = —%Q‘wbb.
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Comparing the coefficient of the 22 In(z) in (4.17) to (4.19) we can solve for Cp, Cs
and Cj,

5 5 1
2 Cy=—2 Oy=——.
160 27 960 2T 96

We evaluated the angular momentum sums in the 2-loop diagrams numerically up to

C) = (4.20)

order 25 (we could easily have reached higher orders with more computer time but it was

not needed in this work),
@) =D S (@) + [ (@) + 5 (x) =

1 3

1
= [<—8Ns + Str(p%a)> T+

1 1 1 1
°N ZN.— = abba - at a 2
5Ny SN = Q™ () )
25 1

4+ 2Np + =N, — 5(,)“””“ +

11
8tT(PaTPa)> 2+

4

185 5 45

82+ 10Ny + — =N, — §Q“bb“ + tr(pana)> x>+

245 35, 34T
4 T2y

8

35 19
Ny — Q" + tr(p‘”p“)) 2% 4 } , (421

59 41 b}
+ < + 5Nf + 7Ns . Z(Qobbba 4+ 3tr(pa’[pa)> 1:4_’_
( 2

1 [1
gttt + 68y + Salrpats
7 at a z 15 at a 2
+ (12Ny + tr(p™p%))2 2 + (30N + —-tr(p™p%))22 +
55
+(60N + Ztr(pana))x% - (4.22)
Pz =) R =

i
B Qaabb 9 tI‘(pana) 5

= x° — 2 xr2+
aabb __ at ~a)__ _ at Ha
L [AQ 20r(p"p") —6Np —ONS] 5 dtr(pTp?) 1
472 w2
18423Qaabb _48 N 3(N¢— 3tr(p®tp®
L 18+ Q2 s iy SV ;(p P) 5.
8 T
+14Q‘mbb—tr(p“Tpa)— ON; —39N; 5 20tr(p™p") 1 n
272 2
42 + 50Q4bb _ Gtr(paf pe) — 18 Ny — 117N,
L 42+50Q r(p™p?) ! S84 (4.23)

472
One can plug those in (1.9) and see that for N' = 4 (see appendix A) we repro-
duce (4.15) and (4.16). This is a very non-trivial check of our computation.
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N, | 10 9 8 7 6
Ny | 0 1 2 3 4
ATy | —1/8 [ 0.017045 | 1/8 | 0.201786 | 1/4

Table 1. Corrections to the Hagedorn temperature for Ny + Ny = 10, Qe = N (1 — N,), and
tr(p?pt) = NyNy Yukawa couplings.

It is also important to have a check for the generic theory which is not conformally
invariant, in order to make sure that conformal invariance is preserved to order A by our
renormalization scheme. To do so we computed the anomalous dimensions of dimension
5/2 and 3 operators,

O = ta(y'¢"), O3 = ite(¢ ™), O3 = w(iup)
“"C = tr(¢"¢’¢%), O3 = id,tr(¢°¢"), 03" = itr(p"Dye),  (4.24)

for which we found,

A

> =12 <6N5Nf +tr(pipety(4 — N, — sz)) (4.25)

dlm[ ] 5/2
11 3 . 3. 1 1

Y. 6= ( 5Ny — - NZ = SN = SNp+ S NuNp + Str(p™ p%) + Nitr (o p")+

dlm[(’)]f
1
NG (0 %) £ SN2t ) + QR Nstbb) | (4.26)

in agreement with the results derived from (4.21)—(4.23). This gives a check that by
applying our renormalization scheme for the scalar field mass terms, the general theory is
indeed conformally invariant to order A.

In the pure YM and N = 4 SYM theories ATy = 7r2(5TH/TH was found to be positive
and rational. In the more general cases that we considered, we found that this quantity can
be either positive or negative and that it is not necessarily rational. For example, consider
gauge theories with N + Ny = 10, Qe = N (1 — Ny) corresponding to tr([¢?, ¢°]?) self
interaction, and tr(p®p®’) = N,N + Yukawa couplings. Strangely, it turns out that all these
theories have (A = 0) = 7 — 4v/3. The results for ATy for these theories appear in
table 1.

For pure scalar theories with the same self interactions as above, AT becomes negative
for Ng > 2 but is not necessarily rational. The results for ATy for Ny = 10,...,20 appear
in table 2.

For generic couplings the results are of course irrational, but as we see in the exam-
ples above, rational results are not so difficult to construct. It would be interesting to
understand the reason for ATxH to be rational.
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Ns | 10 11 12 13 14 15 16 17 18 19 20

ATy | —% | —0.132353 | — 2 | —0.144737 | — 2 | —0.154762 | — L | —0.163043 | —2 | — L | —0.173077

o=

1
8

Table 2. Corrections to the Hagedorn temperature for theories with 10-20 scalar fields and self
interaction Q®** = N (1 — N,).

5 Conclusions

In this work we have computed the full large N partition function of SU(N) YM theory
on 52 in perturbation theory, to 2-loops order. We included scalar and spinor fields in the
adjoint representation of the gauge group, with arbitrary commutator interactions. The
computation involved expanding those fields in Kaluza-Klein modes on S2. Then, instead
of solving momentum integrals, we had to perform sums over the angular momentum of
those modes and derive various identities in order to perform these sums. Furthermore,
we used a cutoff regularization scheme which is not gauge invariant. To deal with this
we added non-gauge invariant counterterms to the theory and demanded that their value
precisely compensates for the non-gauge invariance introduced by the regulator.

Furthermore, we demanded that our theory is conformally invariant to order A, so that
we can relate the perturbative corrections to the energy spectrum on S° x R, to the sums
of anomalous dimensions on R?, by using the state-operator mapping. Though generically
our theories have a non-zero beta function, it contributes to the partition function only
at higher orders. The only obstruction to achieving conformal invariance at order A is
the generation of mass terms for the scalar fields. By demanding that the state-operator
mapping works for dimension 2 operators, we can fix the mass renormalization of the scalar
fields such that the theory is still conformal at order .

Our computation agrees with known results for the 1-loop anomalous dimensions of
N =4 SYM which were computed in [9]. This is a highly non-trivial check on our compu-
tation which was done by a very different method. Our results can be used to numerically
compute the partition function in the confinement phase of the large N gauge theories
which we considered. Furthermore, the order A correction to the Hagedorn temperature
can be computed very easily for those theories.

This computation also has a direct application towards determining the order of the
deconfinement phase transition. As shown in [6] this involves a 3-loop computation, and
the 2-loop computation of f11(z). The latter can be computed from our results for the
Li (2)’s (E.16)—(E.25).
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A Additional notations

Having enough indices as it is in our computation, we use matrix notation for spinors. Our
notation for the Weyl spinor matrices is such that,

ot = (1,it%) , a* = (1, —it'), (A.1)

where 7% are the usual Pauli matrices. Also we use the charge conjugation matrix in the
Yukawa terms,

£ =itk (A.2)

In order to apply our computation to N’ =4 SYM, take Ny = 6 and Ny = 4. Further-
more, in that case the Yukawa matrices satisfy,

Pt + PPl p® = 267014, (A.3)
while the quartic scalar coupling satisfies,

Qubed — ggaesbd _ gadgeb _ gabsde (A.4)

B The gauge fixed Yang-Mills action on S3

B.1 The action

Imposing the gauge conditions (1.1), (1.2) and adding the conformal coupling for the scalar
fields, the Euclidean action on S can be written as Sp = S, +Ss + Sy where,

S, _/ dt/ tr{ Ai(D} 4 97)A" — %AOaQAO — PPt
S3
+igD; A'[Ai, Ag] — ig[A’, Ao)0; Ag — igd; Aj[ A", AT+ (B.1)
1 o 1 A
+192[Ai7 AJ] [Ajv AZ] - 592[140’ Az] [AO7 AZ] - Zgach[Ah C]} )

where we define D; = 9; — [, *]. For the pure conformally coupled scalar (kinetic plus
quartic interaction),

Ss _/ dt/ tr{ (D2 + 07 —1)®,
SS

—ig[Ag, ®a| Di®, —zg[Ai,<I> 10'®, (B.2)

1 1
5L — S0 0 - QD0
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and for the fermions (kinetic plus Yukawa interaction) we write,

B )
S :/ dt/ tr {i\IIH(Dt +0'0;) U+
0 S3
+gWHAg, Uy] + g¥' 1o’ (A, W]+ (B.3)
1 1
#OVF ) 0 0] + 0 epty . (VY]
In the above the spatial derivative is assumed to be the covariant one on S? including
the appropriate connection terms for vectors and spinors.
Using the properties listed in appendix C we can write the action in terms of the ex-

pansions of the fields in Kaluza-Klein modes (2.1), and in terms of the spherical harmonics
integrals (2.5) as Sg = Sy + S3 + Sy4, with

B 1 - 1 -
Ss = / dttr {2A°‘<—D? + (o + DA + S0%a(jo +2)0” + I ja(jo + 2)c"+
0

43082 + o + D)6 + 01 (D1 + cali + )08 | (B.4)

B _
Ss :z‘g/ dttr{C’aﬁ'ycTo‘[Aﬁ, A+ 207 AP a7 —
0
— D*P1[A% Dy AP|a" + €a(jo + 1) E“PTA*APAY — BV [a®, ¢ Dyg7 —
— CPV AP, $2)p7 — iFPTyted (@7 gl] — Gyl [AY )

i U aj
L E R 605+ S0 (B.5)

1 B 5 1 -
Sy=—2 2/ dttr { (Dﬂ)‘c"Dé/\W + ..CO‘BAC"Y&) a®, A%[a”, A%+
R ian+2) | lla, A

+ (Doq/;\Dﬁé)\ _ Da&S\DB'y)\> AaABAWAé + BozBS\B)\'yE{aoz7 (baﬁ] [CLW, ¢g]+
— 1 —
+DPBPAY, G[AY, 5] + 2B°“”BMQ“”C‘1¢Z‘¢5¢Z¢Z} : (B.6)
B.2 Integrating out a and c

The fields a and ¢ appear only quadratically in the gauge fixed action (B.4)—(B.6) and it
is convenient to integrate them out first. Their propagators are,

/ 1 , N

<C%(t )CZ?(W = mé(t — 1) B5z‘l5kj, (B.7)
oy 1 b seds s

(a8 (s (1) = b = 090 (B3)

From loops of a’s and ¢’s we get the effective vertices,

D,B/_\aDé)\d B
A = 2,,/ dts(0)tr(APA° B.9
{ = Ng ey | )4 AY) (B9)
Baﬂj\Ba(”\ B
A2 =N 2,,/ dts(0)tr(pP ). B.10
=Ny | d0)(oel) (B.10)
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The other diagrams arise from strings of a’s using the linear a vertices in (B.5),

BA = fm /06 ditr ([Aa, D, AP|[AY, DTAJ]) : (B.11)
L /0 " (163, D, 621167, Do) (B.12)
By = —ﬂm / ater ({0, 61T s w7 )). (B.13)
By§ = 92m / " e (42, D, 47)j67, D)) (B.14)
Byy =i92m /0 ﬁdm([AQ,DTAB]%WI}), (B.15)
By = ifm / e (102 Do g0 071} (B.16)

The 6(0) divergence in (B.9) and (B.10) is an artifact of the Coulomb gauge and arises
since a and ¢ are not dynamical fields. We see that those vertices cancel by adding to them
the expressions obtained by contracting the two covariant derivatives, in (B.11) and (B.12)
(see (2.12)). Therefore we can forget about §(0) factors for diagrams which involve those
vertices.

Also the vacuum diagrams which arise from one insertion of any of the vertices (B.14),
(B.15) or (B.16) vanish for kinematical reasons. After the self contractions the summation
over spherical harmonics (see (C.16), (C.19) ,(C.20)) vanishes unless j) = 0, which can not
be since this is the angular momenta of a*, (Ag) whose zero mode has been factored out.

C Properties of S? spherical harmonics

C.1 S? spherical harmonics

In this section we list some properties of spherical harmonics that we used. Due to lack of
space this is far from a complete review, and the interested reader is referred to [11, 33]
for scalar and vector spherical harmonics, and to [34, 35] for spinor spherical harmonics.
Computations similar to the ones done in this section also apear in [15].

Spherical harmonics sit in representations of the isometry group of S2, which is SO(4) ~
SU(2) x SU(2). The scalar spherical harmonics transform in the (j/2, j/2) representation,
where j > 0 and —j/2 <m,m’ < j/2.

They form a complete orthonormal set of eigenfunctions of the corresponding laplacian
on S3,

VIS = —j(j +2)8"", (C.1)

and satisfy the conjugation relation,

(ST = (—1ymEns T, (C.2)
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The vector spherical harmonics sit in the ((j + €)/2, (j — €)/2) representation, where
e = +1 and j > 1. This set of functions satisfies the eigenvalue equations,

VA = (D2
V x VI = —e(j + 1)V, (C.3)
= _’m7n —_—
v ‘776 — 07
and the conjugation relation,
MLk 1ym4n+1y3—m,—n

The spinor spherical harmonics are two-component Weyl spinors, and transform in
(J‘*(lgﬁ)/Q j*(lge)ﬂ)

the representations for ¢ = +1 and j > 1. They can be found from
the scalar functions by tensor multiplying a (j/2,j/2) representation, with a (1/2,0), (or
(0,1/2)) basis spinor with the right Clebsch-Gordan coefficients. The properly normalized

result is

S

ymin _ . /7]/2 T mSjni—ll/Q,n
i VilE =Sy ©5)
ym,n _ 1 _Vj/2_m+1/28;n—1/27n

3= Vil
From the properties of the scalar functions one can check that those are normalized

correctly
/3 yjfi,nTyﬁe,,n = 0,5/ Om,mOn,n'Oc,e (C.6)
S

and that under conjugation those obey

(9m)" = (maymin=eize (). (C.7)

The spinor functions satisfy the eigenvalues equation,??

3 m,n . 1 m,n
O-Za’iyj,g’ = E(] + §>yj767 . (CS)

In the text we collect all the angular momentum indices of a scalar, vector or spinor
spherical harmonic by a single Greek index. A barred Greek index on a scalar or vector
spherical harmonic means the corresponding function is conjugated, while by a barred

Greek index on a spinor spherical harmonic we mean Y& = (—1)"atna=¢a/2 (y;ﬂ:z,fnﬂ

22The inclusion of the appropriate veilbein and spin connection should be understood. Also recall that
in our convention for spinor matrices the o' are anti-hermitian, hence the real eigenvalue in the above
equation.
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C.2 Spherical harmonics integrals

While expanding our fields in Kaluza-Klein modes on S® we defined integrals over three
spherical harmonics (2.5). These integrals can be expressed as a reduced matrix element
times the appropriate 3-j symbols,

Ja I8 Iy Ja J8 Iy
BQB’Y:RB(ja7jB,j'y) 2 2 2 2 2 2 ,
Mo MG My | \Na NG Ny

Ja Jstes Iy Ja JB—€B Jv
C’O‘M:Rc(ja,jﬁd—y) 2 2 2 2 2 2,

Mo Mg My Ng Ng Ny

Jatea JBtes Iy Ja—€a JB—EB Jv
D“’BA’:RDe@eﬁ(jmjﬁ,j»y) 2 2 2 2 2 2 , (C.9)

Mg Mg My g, ng Ny

3 Jatea Jotes Jytey Ja—€a JBTEB Jy—€y
- ...
E ’Y:PKE’E(,éege,Y (.]Om.]ﬁv]’y) 2 2 2 2 2 2 )

Mo Mg My Ng NG Ny

(Ja—(1=€a)/2) (s—(1=¢€5)/2) J’v) ((ja(1+€a)/2) (Gs—=(+es)/2) h)
2 2 2 2 )

HQB’Y:RHeaeg(javjﬁvj’Y) ( 2 2
Mg mg m. Nea ng N~

Ua=(1=€a)/2) (Gp—(1=¢5)/2) jw+€7><(ja(1+€a)/2) (Js—(14¢)/2) jv*w)
2 2 2 2 2 2 )

Gaﬂ’Y:R~ oy B> J
Geac€pey (Jo I J’Y)( M mg msy

N ng N,y
where,

GoPY = / AUV e YoV (C.10)

This can be related to the fermionic integrals listed in (2.5), by using the conjugation
relations of the spinor spherical functions (C.7).
We computed the reduced matrix elements which were not already evaluated in [11]

explicitly,
()7 [+ Do =)@ +1)]?
RHJr(‘T)y? Z) = )
T i 2
—1)TH [ (2 4+ 1) —2)(5 —y)]2
o) = L [ 0000 0]
B () = O TG —2)(6 — )56 +1)]° (©11)
GO ' Y, - T I (Z 4 1) I .
~ _ 1
~ ()T G- a)E -G -2 1)(E - 2)]?
RGl(x7y> Z) - T I (Z—|- 1) ’
1
(=1)7 [(e=2)(c+1)(c —y)lc—y+1)]°
R~ =
G2(x7y7 Z) T (Z—l— 1) )
where 0 = (x +y+ 2)/2 and 6 = (r +y + 2z + 1)/2 are integers and,
Ry =Ryyy =Ry, Ry =Ry, =—-Rpg_4,
Ragy=Rayy =Re Rey=Rg | =—Ra (C.12)
Rey=Rg, =R o, Rep(w —y)=—Re | =—Rey .
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C.3 Performing angular momentum sums

We computed various sums over spherical harmonics quantum numbers, which appear in
the expressions for our diagrams. We list those identities which were not already derived
in [18],%3

- fatep L ..
ZGaﬁvgﬁaw =(—1)"2 Rg ., (asip: ) Riesene, (8s Jas ) (C.13)
m's
aBy pofy Jatiptivt 5L 2 S
> FOTFOPT =(—1)Je st T RY (fas 80 ), (C.14)
m's
> BB =R} (jar s ), (C.15)
m's
Z DaaY BpBBY :2(_1)ja+j5+15j%0><
m's,€e's
X ja(ja + 2)(]5 + I)RD—F(jomja’ O>RB(]B7357 O)a (016)
= catep L L
ZFoeﬁVFﬁoﬂ :(_1)1+ 5 RHeaeg(Ja7]ﬂ>]'y)RHeﬁea(357307]7)? (017)
m's
5 itisti atep . o 1
D FOTFAPT =(=1)detie it T (G (o + 1) (s + 1))26;, 0
m's
X RH+(jOmjomj’y)RH-‘r(j,@?jﬁaj’Y)? (C18)
5 = M . 1
> DRI <a(— 1)t TS (o (ja + 2)ja(ip + 1)385,0
m’s,€q
X RD+(ja7jaajV)RH-i-(jﬁ?jﬁaj’y)v (Clg)
_ _ . . 1+SB
Z By 867 :(_1)1a+Jﬂ+T(ja +1)(js(js + 1))%5jv70><
m's
X RB(jcwjaaj“/)RH-ﬁ-(jﬁ?jﬁaj’y): (020)
_ : 2(. 2
Z BaﬁvBaB"y :(]a + 1) (]ﬂ + 1) ) (0‘21)
- 272
m's,)y

D 1-loop self energy diagrams

D.1 Flat space self-energy diagrams
D.1.1 Dimensional regularization

We write the flat space 1PI self-energy diagrams (figure 1) which were computed in dimen-

sional regularization, in terms of the integrals I, ,, = I, »(0) (3.17) ,
Vector p? expansion: —3(A;(0,p)A;(0, —p)>11355~:7_.
—4d* — 22d — 20 2d? + 14d + 4 8(2+ d)
SEla — e N Ny AR G L Y A D.1
YT A+ T A 3)drs) T [@dr3)d+s) (B

ZTranslating the notation in [18] to ours: R2 — Rc¢ R3cpeg = Rpeqeg, and Racgege, — REcqeges -
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d?>+3d—6

SElb= — 2272 1.
d+3)d+5) "
IN, 4
SElc = Ips — I
¢ d+3[ d+5°’4}’

4 4
SE1d =2N; |[13— ——114+ Iy3 — I .
f [ 1,3 gt los n 0,4]

Vector w? expansion: —3(A;(w,0)4;(—w 0)>1Pl
d+2
SEla 21 8T
= iF 3[ 0,3 — 8114,
d+2
SElb = ———1
d+3 0,1,
2N,
SElc = Ios — 41
c= 3 (o3 — 411.4],
SEld = 2N dt 1 Ios+ 3113 — I —A4I
=205 | g glos 1,3 d 314 24| -

Scalar p? expansion: —3(¢°(0,p)¢"(0, ~p));".

A(d +2)
SE2a = —§% I,
a d+3 0,25

d—
SE2b = s =1

d 3 1,1,

2
SE2c = —tr(p™p? + p*1p?) | —1I, Ins| .
c r(p™p” +p ) 02+d+30’3

Scalar w? expansion: —1(¢%(w,0)¢"(—w,0))57.

SE2a =0,
SE2b = —°Iy 4,
SE2c = —tr(p"Tp" + p""p") [~To2 + 211 3]

1PI

Fermion p expansion: <w1(0,p)1/}“(0,p))pval.

SE3a = 6,/ [—(d? 4+ 3d +2)Ip2 +2(d +2)Ip 3] ,

d+3

4
SE3b = 6,7 |-2I, I
I { 0,1+d+30,2]7

2
SE3c = 2<papaf> |:IO72 — d+ 3]0’3:| .

Fermion w expansion: (1;(w,0)y! (w,0)) 7.

SE3a = 6,72(d + 2) [~ 1o + 211 3],
SE3b = 6,7 [21p1 — 411 2] = 0,
SE3c = — (papa]‘) [10’2 — 2[173] .
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D.1.2 Cutoff regularization

We used the following definitions of regulator dependent quantities in the main text,

00 n k l
. (AnZzM> E/ dqu o (a )211( 9) Ry (q)7 (D.21)
B9 = L / dgR/y(q)Rayg(q), (D.22)
A = o [ daaBy s @R g0, (D.23)
3 = = [ dagR () RE @) RY (a). (D.24)

2
47 0

The cutoff scheme results for the flat space self energy diagrams in terms of the regu-
lator dependent functions (D.21)—(D.24) are,

Vector p? expansion: —3(A;(0,p)A;(0, p)>1PI

1 9 Az M
Ela=— — | J D.2
SEla 407r2 4072 n< a 15f2’ (D-25)
. A1oo M
SE1b = 10%2 m( (D.26)
«4020M Ns Ny
SElc = 1 5 D.2
€= 487r2 n< T 240n2 ~ 307 (D-27)
Ny AOOQM LNy AN
Eld = In . D.2
SEld =10 ( T 3002 F2 (D-28)
Vector w? expansion: —3(A;(w,0)4;(—w 0)>1P1
1 M
SEla = <A2°° ) (D.29)
2472
1 M
SE1b = — 5 n (“4100 > (D.30)
Ns M
SElc = AOQO (D.31)
4872
M
SE1d = 5 In <A°°2 ) (D.32)
127
Scalar p? expansion: —3(¢*(0,p)¢°(0, —p)>;§l.
1 Ai10M
SE2a = —§-— 1 D.
a 3.2 n< . , (D.33)
1 Ao1oM
_ cab 010
SE2b = 5" —; ln< . ) (D.34)
1 Agoe M 1 A
SE2c = —t Pip) | — 1 — 2. D.
¢ r< R >[ 167r2n< a 487r2+ 6 (D-35)

— 33 —



Scalar w? expansion: —1(¢%(w,0)¢"(—w,0))57.

SE2a =0,

1 M
SE2b — L gavyy (Ao
472 a

M
tr (pa’[pb erbfpa) I <AO(;2 ) .

1
SE2c =
c= 1672

1PI

piot”

SE3a = §,’ [ L <A1°1M> - 18{'] :

Fermion p expansion: (¢7(0,p)(0,p))

1272 a 37

SE3b = 57 L (Ao My 1 ,
I\ 3n2 a 672

1 M 1
SE3c = —(p®p*"),’ [ In (Aotbl ) + WB‘{} )

82 6
Fermion w expansion: (1;(w,0)y!(w,0))17.
1 A1t M
SE3a=———¢, In |
& Am2T n( a ’
SE3b = 0,
b g Ao11 M
SE3c = 87T2(p PN In . .

D.2 Curved space self-energy diagrams

D.2.1 Dimensional regularization

(D.36)

(D.37)

(D.38)

(D.39)
(D.40)

(D.41)

(D.42)
(D.43)

(D.44)

When applying dimensional regularization on S we get additional vertices included in the

action (B.5), (B.6), coming from the fact that the gauge field has additional components.

We needed the following additional cubic vertices,

Cﬁ’YOé Cﬁom/
B AY0,0, A% —

a I a a . .

[ ] ! ]a(]a+2)

DT Ay AgBy A + 2007 A% AP A+

E/ = igtr <—
’ g ]a(]a+2)
(Jo +1)% = (s + 1)

+ —

vy Gy +2)
CoBy

+ —— 0 -AayaaAﬁ Az -
Jalia +2) O }

(ot 1)PCP
jﬂ(ﬂﬁ + Q)j“/(jv + 2)

~BIAL, 6510467 )

cvaB

A%, 9,0, A0 A —
Jﬁ(]ﬁ"‘Q)[ el

~ 34—

A0 AL AY — oG + 2) B[4, 0, AL 9 —

(0?0, A210,A% 4+ D [9, AP A A)+

(D.45)



The additional quartic vertices which were necessary for the computation are,

1 - N -
Lh=—3g"t <B‘W‘Dﬂ‘”‘ [AS, AP|[A], A°] + BPADA A%, 9, AZ][AY, 0, A7)+

+ Cr NP 42 5, AP0y AT, AT + CAn [AY, AP][0,. A2, 9y A+
Pea 7 vy +2)3sGs +2) @
+ BB AR, AT, 68+ B BTN 0. 6)[0nAT 64 ) (D.46)

Above we used an additional spherical harmonic integral,

1

BB = —
Ja(ja +2)js(is +2) Jss

8. 5S° s (D.47)

The solutions to the vector self-energy diagrams are,

N1 1 ’y 1
ANG (11 1 2
SE1k = 22 1 0(e) (D.50)
—47[_2 €). .

The other diagrams in figures 1 and 3 were computed in [18] (see equation (3.59) in
that paper).

D.2.2 Cutoff regularization

These are the expressions for the self-energy diagrams on S? in the cutoff scheme diagram

by diagram,
NS 21 12,020 1
SElc= o) Am*M=C5~" — - In (Ag20M) — 7|, (D.51)
4N 1 1
SE1d = Tj <47T2M2CSOQ TR om? Ff — i In(Agoe M) — ’y) : (D.52)
3N, 1
SElk = — =" [47r2MQCSm — 12] , (D.53)
T
SE2a =0, (D.54)
SE2b = o [7 420200 4 = o (AgioM D.55
=g | AT 2 g~ n(AooM) =], (D.55)
t at b bt a 5 1
sp2c = TP ”27;;” 7 {4W2M20302 + =5 — 7 (A2 M) +7+2m(2)) [, (D.56)
1
— (ab)ce 2,010
SE2d = Q [M [ 4874 , (D.57)
3 27720100 _ L
SE2f =—— (zm M2C™ — = = In(AwoM) - ’y) . (D.58)

The other diagrams in figures 1 and 3 were computed in [18] (see equation (4.14) in
that paper).
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E 2-loop vacuum diagrams

E.1 Planar diagrams

By expanding the propagators (2.13), (3.8) in the diagrams (4.1)—(4.7), and using the iden-
tities in appendix C.3, we extract the f,(z) terms in the effective action defined at (1.5),2
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2= 2
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c+1 (a+b+c+2)(a+b—rc)

1 h+ L
xRy (aL2>Rg L2)Rs(ﬁ)}, (E.5)

,b,...=1,..., N for the scalars internal indices.
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I

24Tn this section we use

— 36 —



12 =2 ( i a) i 22 RJZLIJr(a’b’C) ( a+l+ b+c+§) +
- P S
o b=1 la—b| (c+D(a+b+c+2)
0= g_lazb]
a+b—1 )
2
+ E: Ry _(a,b,¢) (xb+c+g_xa+%>] 8
c_la—bl+1 (c+1)(-a+b+c+1)
2 2

<R, (aL%>Rf<bL%>RS <c]\+41>} .

1 +2) b(b+2 . -
1L_5ﬂ _ a(a +2) b( ) ($a+1 L +xa+b+2> R, <a> R, <> |

‘3)712ab:1 a+1 b+1 M M
(E.7)
a+b
L5b - - 1 2 2 b—a .12
B3 e e i) [
ab=1¢_lla=b|-1l+1
b+1 a+1| ;4 a+1
E
+[a—|—1 b+1] B\ =30 )] (E8)
aabb
L6a __ Q a b a+b a b
fl,-‘r__ 87'('2 Eb_:lab(x +x +x )Rs(M>Rs<M>> (Eg)
aT-‘rb
N, & c+1
Leb _ 1Vs a+b+2
= (b —
fix A2 Z (e +2) [(b‘i’ )(b—a)x +
a,b=0 ¢ __ |la—b|—1|+1
2 2
1
F(a+1)2+ (b+ 1))z 1R, <“]\Z>} : (E.10)
Ny, & 1 a b
L7 __-'s a b a+b
g X (=2 ol m (i) () )
a+12)71 9
> RY, (a,b,c)
L8 H-\""" a+b+1
=2N —_ E.12
f1,+ f Z Z C(C+ 2) x ’ ( )
a,b=1 %:W b|+1
ot 2 L 1
> R, (a,b,c) RY, (a,b,c) a+ 5
L8 _ H+\a,0,¢) -3, 0, b+1/2 2
=2N e —_
1= f Z Z c(c+2) Z clc+2) v By M
a,b=1 c_lla=b|-1|+1 c_la—b[+1
2 2 2 2
(E.13)
E.2 Non-planar diagrams
Define the functions,
Knm(y, z3w) = [y" + 2" [w™ — (y2)"] (E.14)
Lm(y, z,w) = (y2)" (Y™ +2") + (zw)" (2™ +w™) + (wy)" (W™ +y™) (E.15)
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In terms of those the fLi’s are,
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The summations over n, m can be performed explicitly, and in particular one has

[1y +1i2] [11Uw_1gzyz] (E-26)
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In terms of those the expressions for Fy” defined in (1.8) are
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In the above, when they were not written, the arguments of the reduced matrix ele-
ments are Ry = Ry (a,b,c).

E.3 Regulator dependent part of 2-loop diagrams

The regulator dependent parts of the diagrams are obtained from the f{*’s in (E.1)~(E.13)
by expanding the summands in large a and picking up the terms which diverge when we
take the cutoff to infinity.2> The results in terms of the functions of temperature defined
in (4.10) are,
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25 Actually the 3" RR’ terms are regulator independent since J R(¢)R'(q)dq = —% but we included those
anyway.
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Or in integral form using the Euler-Maclaurin formula and the regulator dependent
integrals (D.21)—(D.24),
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